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SIMPLICITY OVER SINGULAR HYPERBOLICITY
M. FANAEE
Abstract. We prove that, when r+ρ > 0, for a majory set (containing
an open and dense subset) of Cr,ρ fiber bunched linear cocycles over
singular hyperbolic attractors, the Lyapunov exponents have multiplicity
1.
1. Introduction
As a weaker form of uniform hyperbolicity, the class of singular hyper-
bolic systems is a vast familly of flows that contains the Axiom A systems
[S67], the Lorenz flows ]L63] and the singular horseshoes [LP86], among
other systems.
More precisely, suppose thatM is a C1 closed manifold. Fix some smooth
Riemannian structure on M and an induced normalized volume form m
(called Lebesgue measure). We denote by C1(M) the space of all C1 vector
fields on M . Given a vector field X ∈ C1(M) one obtains, by integration, a
one parameter family of C1 diffeomorphisms {X t : M → M, t ∈ R} which
is called a flow on M which satisfies (i) X0 ≡ id, and (ii) X t ◦Xs = X t+s,
for any t, s ∈ R.
An invariant set Λ ⊂M is called an attractor of a vector field X if there
is a neighborhood U of Λ such that
Λ =
⋂
t>0
X t(U)
(a repeller is an attractor for the reversed vector eld −X). An attractor Λ is
transitive if there exists a dense orbit in Λ, and it is C1-robustly transitive
if there exists a C1-neghborhood N of the vector field X such that the set⋂
t> Y
t(U) is transitive for any Y ∈ N .
It is proved in [MPP04] that, for C1-robustly transitive sets with singu-
larities on closed 3-manifolds, there are either proper attractors or proper
repellers and the eigenvalues at the singularities satisfy the following in-
equalities:
αss < αs < 0 < −αs < αu.(1.1)
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The presence of singularities prevents these attractors from being hyper-
bolic.
Definition 1.1. An attractor Λ ⊂ M with a finite number of hyperbolic
singularities is a singular hyperbolic attractor if the bundle over Λ can be
written as an ivariant continuous splitting
TΛM = E
s ⊕ Ecu(1.2)
such that, with respect to an adapted metric, there exists some 0 < θ < 1
for which
1. the splitting is dominated: ||DX t|Es||.||DX t|Ecu|| ≤ θt, for any t > 0,
2. Es is contracting: ||DX t|Es|| < θt, for any t > 0,
3. Ecu is volume expanding: |det(DX t|Ecu)| ≥ exp(−θt), for any t ≥ 0.
From a measure theoretic view point, see [APPV09] for instance, there
exists a unique invariant physical probability measure µ suprted on Λ which
is hyperbolic, meaning that at almost every point x ∈M there is an invari-
ant splitting of the tangent bundle of the form
TxM = E
s(x)⊕EX(x)⊕ Eu(x)
where, with respect to dynamical cocycle DX t, the stable sub-bundle Es(x)
corresponds to negative Lyapunov exponent
lim
|t|→+∞
1
t
log ||DX t|Es(x)|| < 0.
EX(x) is the one-dimensional direction of the flow corresponding to zero ex-
ponent and Eu(x) is the one-dimensional sub-bundle of vectors with positive
Lyapunov exponent: lim|t|→+∞
1
t
log ||DX t|Eu(x)|| > 0.
In a more general case, let π : V → M be a measurable d-dimensional
vector bundle over M . A linear cocycle over X t is a flow
F tA : V → V
which acts by linear isomorphisms At(x) : Vx → Vf(x) on the fibers. Os-
eledets Theorem [O69] states that, under a certain integrability condition
and with respect to any invariant probability measure, there exist a Lya-
punov splitting of the vector bundle as
Vx = E
1(x)⊕ ...⊕Ek(x), 1 ≤ k = k(x) ≤ d
and real numbers λ1(x) > ... > λk(x) called Lyapunov exponents defined
by
λi(x) = lim
|t|→+∞
1
t
log ||At(x).v||, v ∈ Ei(x)\{0}, 1 ≤ i ≤ k,
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at almost every point. The Lyapunov splitting and the Lyapunov expo-
nents are invariant by the flow X t and vary measurably with the base point
x. Then, for ergodic flows, the Lyapunov splitting and Lyapunov exponents
do not depend on the base points and so are global properties of the system.
One problem is then to chracterize when all Lyapunov exponents have
multiplicity 1. This kind of problem arised by Furstunberg [F63] for cocycles
over Bernoulli shifts when the cocycle depends only on the first coordinate.
Ledrappier [L86] proposed another approach to this problem and, Viana,
Gomez-mont, Bonatti, Avila and Santamaria (see for instance [BGV03],
[BV04], [AV07], [ASV13]) improved it for Ho¨lder continuous cocycles over
chaotic maps (hyperbolic an partially hyperbolic maps). In recent works of
[F13] and [BV] there are some ideas to extend the last results for cocycles
over flows. Here, we extend this type of criterion, in partucalr, for cocycles
over singular hyperbolic flows.
Acknowledgement. This work is supported by a CNPq-Brazil Post doc-
torate grant and is done at University of Porto-Portugal.
2. The main setting and resualts
The Cr,ρ topology is defined by
||At||r,ρ = max
0≤i≤r
sup
x
||DiAt(x)||+ sup
x 6=y
||DrAt(x)−DrAt(y)||
d(x, y)ρ
(for ρ = 0 omit the last term). We denote by Gr,ρ(M, d,C) the Banach space
of all linear cocycles F tA for which ||A
t||r,ρ < +∞, for all t ∈ R.
In this course, we assume r + ρ > 0 which implies η−Ho¨lder continuity:
‖ At(x)− At(y) ‖≤‖ At ‖0,η d(x, y)
η,
where
η =
{
ρ r = 0
1 r ≥ 1.
2.1. Fiber bunched cocycles. Let F tA be an η-Ho¨lder connuous linetr
cocycle.
Definition 2.1. We say that F tA is fiber bunched if there exists some 0 <
γ < 0 such that
||At(x)||||At(x)−1||θtη < γt(2.1)
for every x ∈ M and all t > 0.
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Remark 2.2. Fiber bunching is a C0-open condition: if F tA is fiber bunched
then any sufficiently C0-close cocycl0e is also fiber bunched, by definition.
Hence, the set of all fibr bunched linear cocycles is an open set in the space
of all linear cocycles.
2.2. Simple Lyapunov exponents. The main result of this work is the
following.
Main Theorem. For any r, ρ with r+ρ > 0, the set of all Cr,ρ fiber bunched
linear cocycles over a singular hyperbolic flow for which all Lyapunov ex-
ponents have multiplicity 1, contains an open and dense subset of all fiber
bunched linear cocycles in Gr,ρ(M, d,C), with respect to the invariant hyper-
bolic probability measure µ.
Singular hyperbolic attractors are motivated by the classical construction
of so called Lorenz attractors: an invariant non-hyperbolic set of a robust
flow given by the solutions of the Lorenz equations
x˙ = 10(y − x),
y˙ = 28x− y − xz,
z˙ = xy − 8
3
x.
(2.2)
To study the dynamical behavior of Lorenz attractors, in the late-seventies,
was introduced a geometric model of the Lorenz attractor in [ABS77], [W79]
and [GW79]. The next corollary is then straghtforward as a particular case
of the Main Theorem.
Corollary 1. For any r, ρ with r + ρ > 0 and with respect to µ, the set
of all Cr,ρ fiber bunched linear cocycles over a geometric Lorenz attractor
for which all Lyapunov exponents have multiplicity 1 contains an open and
dense subset of all fiber bunched linear cocycles in Gr,ρ(M, d,C).
It was proved in [T98] that the solutions of (1.4) perform as same as
the geometric model of Lorenz attractor. Hence, we have immediately the
following.
Corollary 2. For any r, ρ with r + ρ > 0 and with respect to µ, the set
of Cr,ρ linear cocycles over a Lorenz flow for which all Lyapunov exponents
have multiplicity 1 contains an open and dense subset of all fiber bunched
linear cocycles in Gr,ρ(M, d,C).
We stress that the set of exceptional cocycles in Main Theorem and corol-
laries 1 and 2 is very meager and indeed corresponds to infinite codimension:
it is contained in a finite union of closed submanifolds with arbitrary high
codimension.
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Remark 2.3. The regularity hypothesis r + ρ > 0 in our statements is
necessary: it is proved by Bochi and Viana [B02,BV05] that for generic
C0 cocycles over general transformations Lyapunov exponents ofen vanish.
Also, for generic Lp cocycles, 0 < p < +∞, the Lyapunov exponents always
vanish (see [AB03] and [AC97]).
3. Cocycles over Pincare´ maps
Assume that π : V → Σ be a measurable vector bundle over a measurable
space Σ. A linear cocycle over a measurable transformation f : Σ→ Σ is a
transformation F : V → V satisfying f ◦π = π ◦F . Locally, a linear cocycle
over f is a transformation
FA : Σ× C
d → Σ× Cd
which acts by linear isomorphisms A(x) on fibers and has the form FA(x, v) =
(f(x), A(x)v). By definition F nA(x, v) = (f
n(x), An(x)v), where
An(x) = A(fn−1(x)) ... A(f(x))A(x),
for any n ≥ 1, and we define A0(x) = id. Note that, conversely, any map
A : N → GL(d,C) defines a unique corresponding linear cocycle FA over f .
Let µf be a probability measure invariant by f , and assume that the
map x 7→ max{0, log ‖ A(x) ‖} is µ-integrable. Oseledets Theorem [O68]
states that there exist an invariant filtration of Cd as
C
d = V0(x) > ... > Vk(x) = {0}, 1 ≤ k = k(x) ≤ d,(3.1)
and corresponding invariant numbers (Lyapunov exponents) λ1(x) > ... >
λk(x), defined as
λi(x) = lim
n→+∞
1
n
log ‖ An(x)vi ‖, vi ∈ Vi−1(x)\Vi(x), 1 ≤ i ≤ k,
at almost every point. Lyapunov exponents and Lyapunov filtration are
uniquely defined at almost every point and vary measurably with the base
point x. By invariance, we conclude that the Lyapunov exponents are con-
stant if the invariant probability measure µf is ergodic.
3.1. Poincare´ maps. Hereafter, we take Λ to be a singular hyperbolic
attractor of a vector field X ∈ C1(M) where M is a C1 closed 3-manifold.
We assume that the splitting Es ⊕Ecu is extended to a neighborhood U of
Λ. We begin with existence of local stable and local unstable manifolds.
Given any ǫ > 0, take Iǫ = (−ǫ, ǫ). Let E1(I1,M) be the space of all
C1-embedding maps h : I1 → M and E1(I1 × I1,M) be the space of all
C1-embedding maps h : I1 × I1 →M .
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Proposition 3.1 (Existence of local stable and local center-unstable man-
ifolds [APPV09]). There exist continuous maps hs : U → E1(I1,M) and
hcu : U → E1(I1 × I1,M) such that, for any ǫ > 0 and x ∈ U , the
local stable manifold W sǫ (x) = h
s(x)(Iǫ) and local center-unstabel mani-
fold W cu(x) = hcu(x)(Iǫ × ǫ) exist. Moreover, we have TW sǫ (x) = E
s
x and
TW cuǫ (x) = E
cu
x .
We take a cross-section Σ ⊂ U to be any C2 embedded compact disc
(diffeomorphic to [−1, 1]× [−1, 1]) transverse to the X at every point x ∈ Σ.
As a direct consequence of the Implicit Function Theorem, we define the
Poincare´ map
f : Σ→ Σ′(3.2)
on Σ into another cross-section Σ′ to be of the form P (x) = Xτ(x)(x) and
define the Poincare` time function τ : Σ→ R for which Xτ(x)(x) ∈ Σ′. Note
that f and τ need not correspond to the first time that the orbits of Σ
encounter Σ′.
3.1.1. Hyperbolicity of Poincare´ maps. Without loos of generallity, we can
assume that Σ = Σ′. The continuity of the invariant splitting Es ⊕ Ecu in
(1.2) over U induces a continuous splitting
EsΣ ⊕E
u
Σ
of the tangent bundle TΣ of Σ defined by
EsΣ(x) = E
s(x) ∩ TxΣ, E
u
Σ(x) = E
cu(x) ∩ TxΣ.(3.3)
Proposition 3.2 ([APPV09]). Suppose that f is a Poincare´ map on a
cross-section Σ. Then, for every x ∈ Σ, we have
Df(x)(EsΣ(x)) = E
s
Σ(f(x)), Df(x)(E
u
Σ(x)) = E
u
Σ(f(x)).(3.4)
Moreover, there exists a time t0 > 0 such that if τ(.) > t0 then
||Df |EsΣ|| < θ, ||Df |E
u
Σ|| > θ
−1,(3.5)
(0 < θ < 1 as in definition 1.1).
We exhibit the stable and unstable manifolds for a Poincare´ map f : Σ→
Σ to be the natural candidates W sΣ(x) = W
s
ǫ (x)∩Σ and W
u
Σ(x) =W
cu
ǫ (x)∩
Σ. We also can take adapted cross-sections for which theses stable and
unstable manifolds are invariant: f(W sΣ(x)) ⊂ W
s
Σ(f(x)) and f(W
u
Σ(x)) ⊂
W uΣ(f(x)).
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3.2. A global Poincare´ map. Let Λ be a singular hyperbolic set for a
vector field X ∈ C1(M). We assume that the set Sing(Λ) of the singularities
of Λ is not empty (otherwise Λ is hyperbolic).
We take an adapted linearizing neighborhood of a normalized singularity
σ = (0, 0, 0) (and then for all singularities), for which
1. According to the eigenvalues of hyperbolic singularities in (1.1) the vector
field has the form
X(x, y, z) = (αssx, αuy + o(x, y, z), αsz + o(x, z))
where o denotes the corresponding higher order terms. Hence the flow is
locally given by
X t(x, y, z) = (x exp(tαss), y exp(tαu) + o(x, y, z), z exp(tαs) + o(x, z)).
2. We can take W sloc(σ) = {y = 0}, W
ss
loc(σ) = {y = z = 0} and W
u
loc(σ) =
{x = z = 0}.
3. The planes z = 1 and z = −1 are transversal to the flow where the vector
field points inward the region containing the singularity. Then, we can find
two rectangles
Σ+σ = {(x, y, 1)| − 1 ≤ x ≤ 1, 1 ≤ y ≤ 1} ⊂ {z = 1}
and
Σ−σ = {(x, y,−1)| − 1 ≤ x ≤ 1, −1 ≤ y ≤ 1} ⊂ {z = −1}
4. There exist two disks ∆+σ ⊂ {y = 1} and ∆
−
σ ⊂ {y = −1} that for any
point x ∈ Σ+ ∪ Σ− there is t > 0 such that X t(x) ∈ ∆+ ∪∆−.
5. We set Γσ = Σσ ∩W sloc(σ). Then Γσ divides Σσ into two semi boxes.
image 1
We denote by Σ =
⋃
σ∈Sing(Λ) Σσ a system of transversal sections and
Γ =
⋃
σ∈Sing(Λ) Γσ. In this way, we have a global Poincare´ map
f : Σ\Γ→ Σ.(3.6)
defined by f(x) = Xτ(x)(x) where τ : Σ\Γ → [0,+∞) is the return time
Poincare´ function (set τ |Λ ≡ +∞).
3.3. Hyperbolic invariant measures. From now on, we assume that X t
is a C2 flow on M . It is well known [PT93], under this assumption, that
the stable leaf W sΣ(x), for every x ∈ Σ, is a C
2 embedded disk and this
leaves define a C1+ρ foliation Fσ of each Σσ ∈ Σ. The canonical projection
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πs : Σ → F which assigns to any x ∈ Σ the atom ξ ∈ F for which x ∈ ξ,
induces a one dimentional map h : F\Γ→ F defined by
h ◦ πs = πs ◦ f.
h is a C1+ρ piece-wise expanding map. It is clear thatπs induces measurable
and topologic structures of Σ to F .
There exists an absoloutly continuous (with respect to Lebesgue mea-
sure) probability measure µh on F invariant by h (see for instance [V97]).
Then, the probability measure µf defined on Σ by∫
ηdµf = lim
n→+∞
∫
inf
x∈ξ
(η ◦ fn)dµh = lim
n→+∞
∫
sup
x∈ξ
(η ◦ fn)dµh,(3.7)
for any continuous function η : Σ → R, is invariant by f . More over, µf is
ergodic if µh is ergodic [APPV09].
An invariant probability measure is hyperbolic if all Lyapunov exponents
with respect to the dynamic cocycle are non-zero.
Lemma 3.3. The unique invariant probability measure µf is hyperbolic.
Proof. The hyperbolicity of the invariant measure µf is an immediate conse-
quence of hyperbolicity of the Poincare´ map f stated in Proposition 3.2. 
3.4. Markov structure for global Poincare´ maps. There exists a con-
tinuous extension to the closur, of the map h : F\Γ → F as a map on
intervals of R. Consequently the restriction of f : Σ\Γ → Σ to each of the
connected components of Σ\Γ admits a continuous extention to the closur,
each one collapsing Γ to a single point in Σ. For natural convenience and
now after, we take f : Σ → Σ to be the global Poincare´ map extended
to a 2-valued map defined on the whole cross-section Σ and continuous on
each of the connected components of Σ. In the rest of this course, we will
consider global Poincare´ maps as discussed here.
We call stable bundary of Σσ the image of [−1, 1] × {−1, 1}, for some
Σσ.
Definition 3.4. A connected subset B in Σ is a band if it intersects both
connected components of the stable boundary of Σ and B ∩ Λ 6= ∅.
The next theorem guarantees existence of a Markovian structure for
Poicare´ maps. Assume that πs is the projection map on Σ along stable
manifolds.
Theorem 3.5 ([AP07]). There exist a system of transversal sections Σ such
that for any band B ⊂ Σ there is a sub-band Bˆ ⊂ B and a global Poincare´
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map f : Σ→ Σ such that f(Bˆ) covers some Σσ. Moreover,
πs(f(Bˆ)) = πs(Σσ).
image 2
We take the maximal invariant set S =
⋂
n≥0 f
n(Σ). By construction and
definition of µf in (3.7), we conclude that S ⊂ supp(µf). Then, the next
corollary is immediate and states that there exists a global Poincare´ map
which is a Markov map.
Corollary 3.6. There exist a global Poincare´ map f and a partition of S
by a collection {B(i) ∩ S : i ∈ N} of bands intersecting S, such that the
transformation g = f |S is a return Markov map to S.
3.5. Fiber bunched cocycles. Assume 0 < θ < 1 the same as in Defini-
tion 1.1 and Proposition 3.2.
Definition 3.7. We say that FA is fiber bunched if there exists some 0 <
γ < 0 such that
||A(x)|| ||A(x)−1|| θ(x)η < γ(3.8)
for every x ∈ Σ and 0 < θ(x) < θ.
Remark 3.8. As we mentioned in Reamrk 1.3, if FA is fiber bunched then
there exists a C0-neighborhood of FA for which any cocycle is fiber bunched
in this neighborhood. Hence, the set of all fibr bunched linear cocycles is a
C0-open set U in the space of all η-Ho¨lder continnuous cocycles.
3.6. Simple Lyapunov spectrum. Avila and Viana [AV07] extended, a
simplicity criterion stated already by Bonatti and Viana [BV04] for cocycles
over shift maps, to cocycles over Markov maps.
Theorem 3.9 ([AV07],[F]). For any η > 0,o and any hyperbolic invariant
probability measure, the set of all Cη fiber bunched linear cocycles over any
Markov map for which all Lyapunov exponents have multiplicity 1, contains
an open and dense subset of U . Moreover, the exceptional set of cocycles has
infinite codimension: it is contained in a union of closed submanifolds with
arbitrary high codimention.
Therefore, we can conclude this section with the following.
Corollary 3.10. There exists a global Poincare´ map f : Σ→ Σ such that,
for any r + ρ > 0, and with respect to µf , the set of C
r,ρ fiber bunched
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linear cocycles over f for which all Lyapunov exponents have multiplicity 1,
contains an open and dense subset of U .
Proof. We take the global Poincare´ map as in Corollary 3.7.which is a
Markov map. By Lemma 3.3, the invariant probability measure µf is hy-
perbolic. The proof is now done by the last theorem. 
4. Cocycles over the suspension flow
Nowafter, we assume that f : Σ → Σ is the global Poincare´ map in
Corollary 3.14 and τ(.) the corresponding measurable Poincare´ time func-
tion such that inf(τ) > 0.
To construct a suspension flow from f , we define an equivalence relation
∼ on Σ× [0,+∞) generated by (x, τ(x)) ∼ (f(x), 0).
Let V = Σ × [0,+∞)/ ∼ be the qucient space with respect to ∼. Then
the corresponding canonical projection π : Σ → V induces a topology and
a Borel σ-algebra of measurable sets on V . It is easy to check that
X tf(π(x, s)) = π(x, s+ t), (x, s) ∈ Σ× [0,+∞), t > 0,(4.1)
defines a semi-flow X tf on V .
By suspension tools on equivalence relation defined by ∼, we can con-
struct a probability measure, using the product of µf by 1-dimentional
lebesgue measure, on V . This implies existence of a unique probability mea-
sure µX on V which is invariant by the semi-flow Xt. Moreover, µX is ergodic
(see [APPV09] for more details).
Suppose that F tA is an η-Ho¨lder continuous linear cocycle over the suspen-
sion flow X tf . We define a corresponding η-Ho¨lder continuous linear cocycle
over a global Poincare´ map f : Σ→ Σ defined by Af : Σ→ GL(d,C) as
Af (x) = A
τ(x)(x), x ∈ Σ.(4.2)
Lemma 4.1. Assume that τ(.) > 1. If F tA is a fiber bunched linear cocycle
over semi-flow X tf then the corresponding linear cocycle defined by Af over
global Poincare´ map f is fiber bunched.
Proof. suppose that F tA is a fiber bunched cocycles over the semi-flow X
t
f ,
i.e, for some 0 < γ < 1 and any x ∈ V ,
||At(x)||||At(x)−1||θtη < γt,
for all t ∈ R. Then, in particular, for t = τ(x), we have
||Aτ(x)(x)||||Aτ(x)(x)−1||θτ(x)η < γτ(x).
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We assume that τ(.) > 1 which implies that θ(x) = θτ(x) < θ, for all x ∈ Σ,
and γτ(x) < γ. Hence, we have
||Af(x)||||Af(x)
−1||θ(x)η < γ,
for every x ∈ Σ. 
Lemma 4.2. Lyapunov exponents with respect to At have multiplicity 1 if
and only if Lyapunov esxponents with respect to Af have multiplicity 1.
Proof. The Lyapunov exponents of Af are obtained by multiplying those of
At by the average return time
sn(x) =
n−1∑
j=0
τ(fˆ j(x)), x ∈ Σ.(4.3)
Given any non-zero vector v, we have
lim
n→+∞
1
n
log ||Anf (x)v|| = lim
n→+∞
1
n
log ||Asn(x)(x)v||.(4.4)
But, for µ-almost every ponit x ∈ Σ, (4.3) is equal to
lim
n→+∞
1
n
sn(x) lim
m→+∞
1
m
log ||Am(x)v||.
As 1
n
sn(x) converges to µf(τ) < +∞, the proof is complete. 
Proposition 4.3. Suppose that F tA is a fiber bunched linear cocycle over
the suspension flow X tf . Then the map
At 7→ Af ∈ U ⊂ G
r,ρ(Σ, d,C)(4.5)
is a submersion.
Proof. By definition, for any tangent vector Bt in the tangent space of a
linear cocycle At ∈ Cr,ρ(V, d,C), we have
(∂At)(Af )(B
t) = Bf .(4.6)
The derivative in (4.6) is surjective.
For any B ∈ Gr,ρ(Σ, d,C), we consider the natural suspension Bt of B
generated by
Bt(x) = (B(x), t), 0 ≤ t < τ(x),(4.7)
By definition, Bt is an η-Ho¨lder linear cocycle over the semi-flow X tf . Then,
the derivative is surjective. 
Corollary 4.4. There exists a semi-flow X tf such that, for any r + ρ > 0
and with respect to µX , the set of C
r,ρ fiber bunched linear cocycles over
X tf for which all Lyapunov exponents have multiplicity 1, contains an open
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and dense subset of Cr,ρ-open set V of all fiber bunched linear cocycles in
Gr,ρ(V, d,C). Even more, The complement set of cocycles corresponds to
infinite codimention.
5. Cocycles over singular hyperbolic flows
We define a map φ : Σ× [0,+∞)→ U by
φ(x, t) = X t(x).(5.1)
But, as φ(x, τ(x)) = φ(f(x), 0), we can deduce a natural qucient map Φ :
V → U for which
X t ◦ Φ = Φ ◦X tf ,(5.2)
through the equivalence relation ∼ defined earlear. Then, Φ is a homeomor-
phism onto its image Φ(V ) and, even more, it is a diffeomorphism on the
full lebesgue measure set V \π(Γ).
We define the basin set of a probability measure µ to be the set B(µ) of
points x ∈M for which
lim
t→+∞
1
t
∫ t
0
φ(X t(x))dt =
∫
φdµ,
for any measurable function φ : M → R. An invariant probability measure
µ is then a physical measure for the flow X t if the basin set of µ has positive
Lebesgue measure: m(B(µ)) > 0. As Φ is a homeomorphism on its image,
we can define a measure on Φ(v), using µX , and then we have tha following.
Theorem 5.1 ([APPV09]). There exists a unique invariant physical prob-
ability measure µ supported on Λ which is ergodic and hyperbolic.
Finally, we extend the results of the last section with respect to the
semi-flow X tf to the original singular hyperbolic flow X
t.
Assume that At : Φ(V ) → SL(d,C) is an η-Ho¨lder continuous linear
cocycle over X t|Φ(V ). With respect to A
t there is an η-Ho¨lder linear cocycle
over the semi-flow X tf defined by
AtΦ(x) = A
t(Φ(x)), x ∈ V.(5.3)
By definition, if F tA is fiber bunched then the linear cocycle defined by A
t
Φ
is fiber bunched. As Φ is a homeomorphism onto its image Φ(V ), we have
immediately the following.
Lemma 5.2. Lyapunov exponents of AtΦ have multiplicity 1 if and only if
Lyapunov exponents of At have multiplicity 1.
SIMPLICITY OVER SINGULAR HYPERBOLICITY 13
Proposition 5.3. Assume that F tA is a C
r,ρ fiber bunched linear cocycle
over flow X t. Then the map
At 7→ AtΦ ∈ V ⊂ G
r,ρ(V, d,C)(5.4)
is a submersion.
Proof. By definition, for all tangent vectorBt in the tangent space of any
At ∈ Gη(U, d,C), we have
(∂At)(A
t
Φ)(B
t) = BtΦ.(5.5)
To prove that (5.5) is surjective, suppose that Bt ∈ Gr,rho(V, d,C). Then,
we define a tangent vector Bt ∈ Gr,ρ(U, d,C) as
Bt(x) = Bt(Φ−1(x)), x ∈ Φ(V ).
Now, it is easy to see that BtΦ(x) = B
t(x), for any x ∈ V . 
As Φ(V ) do have full lebesgue measure in U , the proof of Main Theorem
is now completed.
We conclude this work by recall the fact that Theorem 3.13 is valid for
cocycles with values in GL(d,R) (see [BV04] and [V08] for more details).
Hence, the Main Theorem and corollaries 1 and 2 are valid for real-valued
cocycles over singular hyperbolic attractors.
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